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Abstract 
For the characteristic of the longitudinal model of a hypersonic aircraft containing strong coupling and uncertainty, a 
sliding mode controller with an improved approach exponential law, using feedback linear model was designed. The 
controller can solve the strong coupling and uncertainty of the longitudinal model, track the velocity step input and 
height step input with zero tracking error, and eliminate the control chattering. The control system has nice robustness. 
© 2011 Published by Elsevier Ltd. 
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Introduction  
The stability, system control performance and robustness are the key problems to be solved for a 
Hypersonic Aircraft. For the large scale of velocity, badly flying environment and integrated design 
between body frame and engine, there must be strong nonlinearity and uncertainty between thruster and 
aerodynamics[1]. The classical control theory can not ensure good performance of the control system and 
good robustness simultaneously.   
Reference [2,3] utilizes a nonlinear dynamic inversion can achieve the purpose of controlling the 
longitudinal model of a hyper aircraft. For the dynamic inversion was based on accurate mathematic 
model, and strong uncertainties exist in the mathematic model, dynamics inversion control method can 
not reach the requirement of robustness. Reference [4,5] introduces a sliding mode control with dynamic 
inversion, which can not only solve the model uncertainty, but also limit the disturbance. This method 
may be used to design the controller of the hypersonic aircraft. But the sliding mode approach law used in 
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reference [4,5] can not eliminate the control chattering. This paper designs a sliding mode controller with 
modified exponential approach law. The controller can achieve the purpose of controlling the longitudinal 
mode of a hyper aircraft, eliminate the control chattering. And the system has better robustness. 
1. Longitudinal dynamic model of hypersonic aircraft 
Using the following longitudinal dynamic model of hypersonic[6]:
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The engine dynamics are modelled by a second-order system: 2 22 cβ ξω β ω β ω β
⋅⋅ ⋅
= − − +               (6) 
Where, Lift force 20.5 LL V SCρ= ,Total lift force coefficient 0.6203LC α= , Drag force 
20.5 DD V SCρ= ,Total drag force coefficient 20.6450 0.0043378 0.003772DC α α= + +
Engine thrust 20.5 TT V SCρ= ,Engine thrust coefficient: 
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Where 0α  is the trimmed angle of attack. 
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Radial distance from Earth’s centre: Er R h= + ,Radium of earth 6356766ER km= , Density of 
air /7315.21.2266 e hρ −= ⋅  , Acceleration of gravity 2R9.8 ( )E
E
g
R h
= ⋅ + ,Mass of aircraft 
136820m Kg= ,Reference area 2334.73S m= , Mean aerodynamic chord 24.38c m=
Input the data above into equation(1)-(6),we can calculate the trimmed cruise condition as reference 
[3] : 0 0 0 0 04590.3 / , 33528 , 2.745 , 0.55 , 0.21eV m s h mα δ β= = = =− =o o
2. Analysis of longitudinal mode of hypersonic aircraft 
We can gain the linear model using Jacobi linear technology at trimmed cruise condition, 
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    where, [ , , , , ]Tx V q hγ α= , eu δ= , [ , ]Ty V h=
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The poles of the linear system are:-0.7361,0.6228,-0.00007±0.03659i,2.24893×10-8,where,-
0.7361,0.6228 represent the short period mode,The positive pole 0.623 indicates that the short period 
mode of hypersonic aircraft is unstable. The poles -0.00007±0.03659i represent the long period mode, 
which indicate a neutral stable characteristic. The pole 2.24893×10-8  also shows that the height mode is 
neutral stable too. So we should design a controller to stabilize the flying control system of hypersonic 
aircraft.  
3. Input/Output Linearization  
When the Lie derivative is used, this system can be linearized absolutely [2].The Lie derivatives of 
velocity and height are as follows. 
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In matrix form, 
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The detail expression of 1 2, , , , ( ), ( ),f x G x uω γ γ
⋅⋅ ⋅⋅⋅ ∗ ∗Ω  are in reference [2].There are non-zero input in 
the derivative of velocity and height .We can obtain the linear model of the system as reference [4] . 
4. design of sliding mode controller 
Sliding mode control is in when the system state through the state space of different continuous 
curved surface, the structure of feedback controller will change according to a certain rule, makes the 
control system of the controlled object intrinsic parameter variation and external factors such as 
environmental perturbations with certain adaptability, thus ensure the performance of the system to 
achieve the desired requirements [8].
   Define sliding mode surface as follows: 
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V de V V= −                                                                                        (10) 
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0, ,j j V hλ > = ,where Integral is used to eliminate the steady-state error. 
In order to meet the sliding condition 0j js s
⋅
< ,we select[5] sgn( )j j js k s
⋅
= − , where jk  is an 
appropriate integer, sgn( )⋅ is sign function. For the existence of sign function, the system requests control 
signal and executive mechanism of instant changes to make the system state stay in sliding surface,which 
is practical. Therefore, system states can only through the sliding surface back and forth, which 
associating with the appearance of the control chattering. Here, in order to eliminate control chattering, 
we use a saturated function instead of sign function and put forward a modified exponential approach law, 
that is, 
1 2( )V V V V Vs k sat s k s
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1 2( )h h h h hs k sat s k s
⋅
= − −                                                             (14) 
Where the saturated function is defined as 
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When selecting the parameters , , , , , 1,2j ji jk j V h iλ ϕ = =  properly, the system can reach to sliding 
surface in a limit time and eliminate the control chattering. 
By differentiating equation(9)and equation(11)and substituting into equation (13)and equation (14) 
respectively, the output dynamic equation can be written as  
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For *( )G x is a reversible matrix [2],we can get the control vector as 11
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5. Simulation analysis 
The simulation starts at the trimmed cruise condition point. We 
take 0.15V hλ λ= = , 1 1 0.1V hk k= = , 2 2 5V hk k= = , 0.02V hϕ ϕ= =  as sliding mode control parameters, and 
40m/s velocity step signal and 60m height step signal as input signals. The simulation results of 100 
seconds are show in fig. 1 to fig.6.  
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Fig. 1 velocity and height response using                                  Fig.2 angle of attack, throttle setting and elevator
saturated function                                                             deflection using saturated function  
                
Fig. 3 velocity and height response using                                   Fig.4 angle of attack, throttle setting and elevator        
exponential approach law                                                   deflection using exponential approach law 
                
Fig.5 velocity and height response using                                       Fig.6 angle of attack, throttle setting and elevator       
modified exponential approach law                                      deflection using modified exponential approach law 
Fig.1-6 show that three kinds of control law all can tracking the input command well. Control 
chattering exists in the first two systems, while the control signal in the system using the third control law 
is smooth enough. 
Next we introduce parameter uncertainties in the longitudinal model of hyper aircraft as reference [1] 
for robustness Simulation. 
0 (1 )m m m= + Δ , 0 (1 )y y yI I I= + Δ , 0 (1 )s s s= + Δ , 0 (1 )c c c= + Δ , 0 (1 )e e ec c c= + Δ , 0 (1 )ρ ρ ρ= + Δ
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Where, 0.03mΔ ≤ , 0.02yIΔ ≤ , 0.03sΔ ≤ , 0.02cΔ ≤ , 0.03ecΔ ≤ , 0.03ρΔ ≤
Fig. 7 shows the velocity and height response using modified exponential approach law, when 
putting a maximum parameter uncertainties into the system. 
Fig.7 velocity and height response using modified  
 exponential approach law with parameter uncertainties
Fig.7 shows that the controller can overcome the effects of maximum parameter uncertainties, which 
indicates a good robustness to the designed system. 
6. Conclusion 
In this paper, we have designed a robust nonlinear controller for a hypersonic aircraft with a 
modified exponential approach law. Simulation indicates that the system has fast tracking performance, 
good robustness and no chattering in control signal. This method may be used in designing a hypersonic 
aircraft controller.  
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